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ABSTRACT. We analyzed 152,145 test-day records from 7317 first 
lactations of Holstein cows recorded from 1995 to 2003. Our objective 
was to model variations in test-day milk yield during the first lactation 
of Holstein cows by random regression model (RRM), using various 
functions in order to obtain adequate and parsimonious models for the 
estimation of genetic parameters. Test-day milk yields were grouped 
into weekly classes of days in milk, ranging from 1 to 44 weeks. The 
contemporary groups were defined as herd-test-day. The analyses were 
performed using a single-trait RRM, including the direct additive, 
permanent environmental and residual random effects. In addition, 
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contemporary group and linear and quadratic effects of the age of cow 
at calving were included as fixed effects. The mean trend of milk yield 
was modeled with a fourth-order orthogonal Legendre polynomial. The 
additive genetic and permanent environmental covariance functions 
were estimated by random regression on two parametric functions, 
Ali and Schaeffer and Wilmink, and on B-spline functions of days in 
milk. The covariance components and the genetic parameters were 
estimated by the restricted maximum likelihood method. Results from 
RRM parametric and B-spline functions were compared to RRM 
on Legendre polynomials and with a multi-trait analysis, using the 
same data set. Heritability estimates presented similar trends during 
mid-lactation (13 to 31 weeks) and between week 37 and the end of 
lactation, for all RRM. Heritabilities obtained by multi-trait analysis 
were of a lower magnitude than those estimated by RRM. The RRMs 
with a higher number of parameters were more useful to describe the 
genetic variation of test-day milk yield throughout the lactation. RRM 
using B-spline and Legendre polynomials as base functions appears to 
be the most adequate to describe the covariance structure of the data. 

Key words: Covariance functions; Parametric functions; Test-day;
Segmented polynomials

INTRODUCTION

Random regression models (RRM) are commonly used for genetic evaluations of 
production traits in dairy cattle. In contrast to multi-trait models that only permit point predic-
tions, these models predict breeding values for cumulative milk yield throughout lactation, 
milk yield at any specific day of lactation, and functions of the lactation curve. In addition, 
RRM permit the use of incomplete lactations and the consequent inclusion of a larger number 
of data from the same animal in genetic evaluations. 

Different models can be proposed to evaluate test-day milk yield traits by random re-
gression models according to Jensen (2001). Nevertheless, no consensus exists regarding the 
best model to fit milk yield data. The genetic parameter estimates obtained with RRM generally 
depend on the regression functions used and on the covariance structure for additive genetic, 
permanent environmental and residual effects. The first studies using RRM, in which residual 
effect were modeled considering a structure with homogeneous variances, identified problems 
in the partition of the remaining variance components, such as overestimation of additive ge-
netic variances (Jamrozik and Schaeffer, 1997; Jamrozik et al., 1997). Therefore, a residual effect 
has been considered to be heterogeneous and has been modeled by grouping them into classes 
containing similar variations or by variance functions using orthogonal or ordinary polynomials 
(Olori et al., 1999; Brotherstone et al., 2000; El Faro and Albuquerque, 2003).

Random regression based on orthogonal Legendre polynomials has been used in most 
studies to model the structure of covariances for random additive genetic and permanent en-
vironmental effects (Strabel and Misztal, 1999; Olori et al., 1999; Araújo et al., 2006). Para-
metric functions such as the logarithmic polynomial proposed by Ali and Schaeffer (1987) and 
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the Wilmink (1987) exponential function have also been used, with these functions providing 
genetic parameter estimates that differ from those obtained with orthogonal Legendre poly-
nomials. Brotherstone et al. (2000), comparing RRM using orthogonal Legendre polynomials, 
the Ali and Schaeffer (1987) function and two variations of the Wilmink (1987) function to model 
random effects, concluded that the function used exerts a marked influence on the genetic pa-
rameter estimates and that the parametric functions of Ali and Schaeffer (1987) and Wilmink 
(1987) best fitted the data, despite negative correlations between test-days at the beginning 
and at the end of lactation. On the other hand, Araújo et al. (2006), who compared RRM using 
orthogonal Legendre polynomials and the parametric functions of Ali and Schaeffer (1987) 
and Wilmink (1987) to model random effects, concluded that orthogonal Legendre polynomi-
als provided the best data fit.

According to Meyer (2005), RRM using polynomials of cubic, quartic or even higher 
orders provide erratic and implausible estimates of variance components and genetic param-
eters. This is especially observed for data sets that contain few records for the last ages and/
or few records per animal and in analyses in which the animals have fewer records than the 
order of the polynomials. 

Alternatives to reduce the degree of polynomials have been studied, for example, spline 
functions, also called segmented polynomials. These functions are curves consisting of indi-
vidual segments of low degree polynomials that merge into specific points, called knots. Spline 
functions can be modeled in different ways (different bases) and, depending on the choice, 
reduce multicollinearity, are easy to estimate (linear in the parameters), and possess a simple 
biological interpretation. In addition, spline functions generally permit both a good local and 
a good overall fit (Fuller, 1969; Schenkel, 1989). According to Ruppert et al. (2003) one par-
ticular type of spline functions is called B-splines, which are preferred because of their excel-
lent numerical properties. Moreover B-splines are adequate to model random effects in mixed 
model analyses and are also effective in estimating covariance functions (Rice and Wu, 2001).

The objective of the present study was to model variations in test-day milk yield dur-
ing first lactation of Holstein cows by random regression analysis using different functions in 
order to obtain adequate and parsimonious models for the estimation of genetic parameters.

MATERIAL AND METHODS

 A total of 152,145 test-day (TD) records from 7,317 first lactations of Holstein cows 
recorded from 1995 to 2003 were analyzed. The cows were descendants of 612 sires, were 
distributed over 93 herds located in the southeastern region of Brazil, with age at first calv-
ing ranging from 18 to 48 months. The data were obtained from the Herd Analyses and Milk 
Quality Program carried out by Clínica do Leite (Milk Quality Laboratory of Luiz de Queiroz 
Agriculture College, ESALQ-USP). Test-day milk yields were recorded from 305 days of 
lactation, with the first record being obtained up to 45 days after calving.

TD milk yields were divided and grouped into weekly classes of days in milk, ranging 
from 1 to 44 classes. Lactations with at least five individual records were included. The con-
temporary groups were defined as herd-test-day, with a total of 2,539 groups, and contained at 
least six animals per class. The relationship matrix included a total of 17,688 animals. 

The analyzes were performed using a single-trait RRM, including the direct additive, 
permanent environmental and residual random effects. In addition, contemporary group and 
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linear and quadratic effects of the age of cow at calving were included as fixed effects. The 
mean trend of milk yield was modeled with a fourth-order orthogonal Legendre polynomial. 
The additive genetic and permanent environmental covariance functions were estimated by 
random regression on two parametric functions Ali and Schaeffer (1987) and Wilmink (1987) 
and on B-spline functions of days in milk. 

For models using parametric functions, step functions fitted, initially, by 44 classes of 
residual variances. Then, the pattern of variation was analyzed to define step functions with 6 
and 17 residual variance. The classes were defined based on residual variances estimated using 
44 classes. In this case, the weeks of lactation were grouped as follows: 1, 2, 3, 4-6, 7-12 and 
13-44 weeks for the model with 6 classes; and 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11-12, 13-24, 25-28, 
29-39, 40, 41-42, 43 and 44 weeks for the model with 17 classes. Models with homogeneous 
residual variances were also tried. For B-spline model, residual variances were modeled by a 
step function with 6 classes of variance.

In matrix notation the model can be represented as

y = Xb + Za + Wpe + e

where y = the vector of observations measured in Nd animals; b = the vector of fixed effects; a 
= the vector of additive genetic random coefficients; pe = the vector of animal permanent en-
vironmental random coefficients; e = the vector of the N different residuals; X, Z, W = are the 
correspondent incidence matrices for fixed and additive genetic and permanent environmental 
random effects, respectively.

The Ali and Schaeffer (1987) function is represented by: 

 where, 

where a is associated with peak yield, b and c are associated with the decreasing slope, d and 
e, are associated with the increasing slope, and t denotes day in milking.

The Wilmink (1987) function is represented by:

where a, b, and c = parameters of the function, with a being associated with the initial milk 
yield, b with the decline in milk yield after peak lactation, c with the increase in milk yield af-
ter peak lactation, and t denotes day in milking. The B-spline functions were used to fit trends, 
using segmented functions as described by Meyer (2005). Each individual segment was con-
sidered linear (L), with basis functions of degree p = 1. Polynomials of the different orders 
were included in the model for direct additive, permanent environmental random effects. Up 
to seven knots equally spaced for direct additive genetic and animal permanent environment 
effects were considered. According to Meyer (2005), in random regression models using B-
spline functions as basis function, a type of penalized spline, the choice of knot position is less 
crucial. M knots were chosen to divide the age at recording into m-1 equally spaced intervals 
and the external knots are located in classes 1 and 44 for all models. The number of random 
regression coefficients to model the trajectory of the linear, basis functions is given by m. 

The covariance components and the genetic parameters were estimated by restricted 
maximum likelihood method (REML), using the package Wombat (Meyer, 2006). 
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Results from RRM parametric and B-splines functions were compared to RRM on Legen-
dre polynomials and with a multi-trait analysis (MT) using the same data set. The models of multi-
trait analysis of monthly, considering each record as a different trait, included fixed effects of the 
contemporary groups (herd-year-month-test-day), age of cow (linear and quadratic effects), and 
days in milk (linear effect). The RRM on Legendre polynomials included sixth- and seventh-order 
orthogonal Legendre polynomials for direct additive genetic and permanent environmental effects 
of the animal, respectively, with the structure of residual variances being modeled by a step function 
with 6 variance classes. The model included the same fixed effects considered in parametric and 
B-splines functions. For more details, this applied model was reported by Bignardi et al. (2009a).

The RRM were compared using Akaike’s (AIC) and Schwarz’s Bayesian (BIC) infor-
mation criteria (Wolfinger, 1993), as well as by the inspection of the variance and correlation 
estimates between milk yields on different test-days. The AIC and BIC allow the comparison 
between non-hierarchical models and penalize those models that contain a larger number of 
parameters, with the BIC attributing a more rigorous penalty.

The information criteria can be described as

AIC = -2logL+2p
BIC = -2logL+plog(N-r),

where p is the number of parameters in the model, N is the total number of observations, r is the 
rank of the incidence matrix of fixed effects in the model, and log L is the logarithm of the re-
stricted maximum likelihood function. Lower AIC and BIC indicate better fit. In addition, the vari-
ance components and genetic parameters estimated for each random regression model were also 
used as criteria to choose the most adequate model to describe the covariance structure of the data.

The RRM are referred to as X.ka.kpe.hetn or X.ka.kpe.hom, with X corresponding to 
Wilmink (W), Ali and Schaeffer (AS), Legendre polynomials (LEG) or B-splines (BSL) func-
tions, ka and kpe corresponding to the order for additive genetic and permanent environmental 
covariance functions, respectively, and to the residual structure of variances modeled by a step 
function (het) assuming n variance classes or variance homogeneity (hom). 

RESULTS AND DISCUSSION

Mean test-day milk yield was 27.45 kg, with a standard deviation of 7.61 kg and a 
coefficient of variation of 27.73%. Test-day milk production showed the typical shape of the 
lactation curve of cows of European dairy breeds, starting at 18.19 kg on the first test-day, 
increasing to 29.55 kg on 17th week and decreasing gradually on subsequent test-days until 
reaching 23.63 kg on 44th week (Figure 1). The disgarding of contemporary groups with less 
than six animals explains the small number of animals at the 27th and 28th week.

The logarithm of the likelihood function (log L), Akaike’s information criterion (AIC) 
and Schwarz’s Bayesian information criterion (BIC) are shown in Table 1. The number of 
parameters ranged from 13 to 74 in the models studied. According to the AIC and BIC, the 
models containing homogeneous residual variances provided the worst fit, irrespective of the 
parametric function used to model random effects. This finding indicates the need for a het-
erogeneous variance structure for residual effects since the variances tended to differ during 
lactation. For both parametric functions, the BIC values showed that model including six 
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Figure 1. Number of animals and milk yield.

Models* 	 p	 log L	 AIC	 BIC

Wilmink
W.3.3.hom	 13	 -299242	 598510	 598639
W.3.3.het6	 18	 -295664	 591363	 591542
W.3.3.het17	 29	 -295664	 591385	 591673
W.3.3.het44	 56	 -295620	 591351	 591908
Ali & Schaeffer
AS.5.5.hom	 31	 -290581	 581225	 581532
AS.5.5.het6	 36	 -290353	 580777	 581136
AS.5.5.het17	 47	 -290353	 580799	 581266
AS.5.5.het44	 74	 -290326	 580800	 581335
B-spline
BSL.4.4.het6	 26	 -291767	 583586	 583844
BSL.4.5.het6	 31	 -291043	 582086	 582392
BSL.4.6.het6	 37	 -290369	 580812	 581178
BSL.4.7.het6	 44	 -290126	 580340	 580776
BSL.5.4.het6	 31	 -291069	 582200	 582506
BSL.5.5.het6	 36	 -290928	 581928	 582286
BSL.5.6.het6	 42	 -290310	 580704	 581120
BSL.5.7.het6	 49	 -290058	 580214	 580700
BSL.6.5.het6	 42	 -290360	 580804	 581220
BSL.6.6.het6	 48	 -290224	 580544	 581020
BSL.6.7.het6	 55	 -290006	 580122	 580666
BSL.7.6.het6	 55	 -290050	 580210	 580754
BSL.7.7.het6	 62	 -289921	 579966	 580580
Legendre polynomials
LEG.6.7.het6	 55	 -289847	 579804	 580350

Table 1. Models, number of parameters (p) for different analyses together with the maximum log-likelihood 
(log L), Akaike’s information criterion (AIC) and Schwarz’s Bayesian information criterion (BIC).

*Models: X.ka.kpe.hetn or X.ka.kpe.hom, X corresponding the functions Wilmink (W), Ali and Schaeffer (AS), 
Legendre polynomials (LEG) or B-splines (BSL), ka corresponding to the order of the covariance function for 
additive genetic and permanent environmental (kpe) effects and to the residual structure of variances modeled by a 
step function (het) assuming n variance classes or variance homogeneity (hom).

heterogeneous classes of residual variances, was the best model. According to AIC and BIC, 
the Ali and Schaeffer function was better than the Wilmink function. Similar results have been 
reported by Brotherstone et al. (2000), Melo et al. (2007), and Costa et al. (2008).
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Comparison of the RRM using only B-splines showed that AIC and BIC decreased 
when the same number of coefficients was used for additive genetic effect and the number of 
coefficients for permanent environmental effects was increased. None of the random regres-
sions on parametric or B-spline functions employing a similar or smaller number of param-
eters presented a better fit than the Legendre polynomial (LEG.6.7.het6). A larger number of 
parameters were necessary so that the RRM using B-spline functions would provide AIC and 
BIC values similar to those observed for model LEG.6.7.het6. Model BSL.7.7.het6 presented 
close log L, AIC and BIC values when compared to model LEG.6.7.het6. RRM fitting B-
splines functions as basis functions tended to involve more coefficients than corresponding 
analyses with polynomial basis functions (Meyer, 2005). 

The phenotypic, genetic, permanent environmental and residual variances obtained 
with models W.3.3het6, AS.5.5.het6, LEG.6.7.het6 and BSL.7.7.het6 and the multi-trait model 
are shown in Figure 2. The phenotypic variances estimated with these four RRM were closely 
similar, except for the first 3 weeks, and showed the same trend throughout lactation. Com-
paring the phenotypic variances obtained with the RRM and by multi-trait analysis, a differ-
ence was only observed for the estimate of the last monthly test-day. This finding might be 
explained by the smaller number of records available as a consequence of the proximity to the 
dry period and to the period of gestation.

Figure 2. Phenotypic (σ2
p), genetic (σ2

a) and residual variances (σ2
pe + σ

2
e ou σ2

e) estimated by W.3.3het6, AS.5.5.het6, 
LEG.6.7.het6, BSL.7.7.het6 the random regression models and by multi-trait model (MT).
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As observed for phenotypic variances, the genetic variances obtained with the RRM were 
also closely similar and showed the same trend throughout lactation, except for the first week. At 
the beginning of the lactation period inflated genetic variances were observed for the AS.5.5.het6 
and LEG.6.7.het6 when compared to the other models. Except for weeks 20 to 32 of lactation, the 
genetic variances obtained with the four RRM presented a magnitude similar to that of variances 
estimated by multi-trait analysis. As evidenced by Meyer (2005), RRM fitting B-splines were less 
susceptible to implausible genetic variance estimates at extremes of the trajectory.

With respect to environmental variances, corresponding to the sum of permanent and 
temporary environmental variances when estimated by random regression and only to residual 
variances when estimated by multi-trait analysis. The largest differences between models were 
observed at the beginning of lactation. Similar estimates were observed close to mid-lactation, 
whereas higher estimates were obtained by multi-trait analysis at the end of lactation (com-
pensating for the difference in genetic variances since the phenotypic variances were similar). 
The highest permanent environmental variances (not shown) estimated with the RRM were 
observed at the beginning and at the end of lactation. The same trend for Holstein cattle has 
been reported by Melo et al. (2003), Cobuci et al. (2005) and Costa et al. (2008) and indicates 
that environmental factors exerted a marked influence during these periods.

Heritability estimates presented similar trend during mid-lactation (13 to 31 weeks) 
and between week 37 and the end of lactation, for all RRM (Figure 3). Heritabilities obtained 
by multi-trait analysis were of a lower magnitude than those estimated by RRM, explained by 
higher temporary environmental and lower additive genetic variances. The LEG.6.7.het6 model 
presented higher fluctuation for the heritabilities in the course of lactation, probably, as con-
sequence of the higher polynomial order applied to adjust this effect. For the model using the 
B-spline function, the heritability estimates presented smaller oscillations throughout lactation. 
This finding is in agreement with Meyer (2005) who, studying the growth of beef cattle, found 
that B-spline functions are less susceptible to problems of erratic estimates at the ends of the 
curves, a problem frequently encountered with Legendre polynomials. This lower susceptibility 
is due to the fact that models using B-splines contain individual segments of low-degree polyno-
mials and permit a better control of the overall influence of individual observations.

Figure 3. Heritability estimates for weekly test-day milk yield obtained W.3.3het6, AS.5.5.het6, LEG.6.7.het6, 
BSL.7.7.het6 the random regression models and by multi-trait model (MT).
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At the beginning of the lactation inflated heritabilities were observed for the AS.5.5.het6 
when compared to the other RRM models (Figure 3). The heritabilities ranged from 0.15 to 
0.26 for W.3.3het6, from 0.17 to 0.58 for AS.5.5.het6, from 0.17 to 0.30 for BSL.7.7.het6, 
from 0.20 to 0.35 for LEG.6.7.het6 and from 0.12 to 0.22 for the multi-trait model. MT model 
showed estimates heritabilities more flat, with lower estimative in the middle of lactation 
(week 24). At the beginning of lactation, the model AS.5.5.het6 overestimated the heritabili-
ties. B-spline and Wilmink showed similar estimates. Several studies in Holstein cattle using 
RRM reported similar trend for TD heritability estimates as obtained in this study, Olori et al. 
(1999) and Kettunen et al. (2000), and in Brazil by Cobuci et al. (2005), Araújo et al. (2006), 
Melo et al. (2007) and Dorneles et al. (2009).

All RRM provided similar phenotypic correlations (not shown). Phenotypic corre-
lations close to one were observed between adjacent test-day yields and these correlations 
decreased with increasing interval between test-days, irrespective of the function used. The 
phenotypic correlations were much lower than the genetic and permanent environmental cor-
relations. Similar results have been reported by El Faro et al. (2008) for Caracu cattle.

As observed for phenotypic correlations, the genetic correlations were high for adja-
cent test-days and decreased with increasing distance between test-days (Figure 4). Fluctua-
tions of these values during the lactation were greater before when the number of parameters 
was increased from 18 (W.3.3het6) to 62 (BSL.7.7.het6). Negative genetic correlations be-
tween initial and final test-days were obtained with the four models, irrespective of the func-
tion used. However, this frequency was very low for model BSL.7.7.het6. These negative 
genetic correlations can be attributed to the difficulty of modeling initial test-days milk yields 
of lactation, a phase during which the cow suffers from post-calving stress and also from an 
energy deficit. Negative genetic correlations estimated by RRM using different functions have 
also been reported for Holstein cattle by Jamrozik and Schaeffer (1997), Olori et al. (1999), 
Brotherstone et al. (2000) and Kettunen et al. (2000), and in Brazil by Cobuci et al. (2005), 
Costa et al. (2008) and Bignardi et al. (2009a,b).

Figure 4. Genetic correlation estimates between weekly milk yields obtained with the W.3.3het6 (1st row left), 
AS.5.5.het6 (1st row right), LEG.6.7.het6 (2nd row left) e BSL.7.7.het6 (2nd row right).
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The surfaces of the permanent environmental correlations differed between the four 
models (Figure 5). Such as phenotypic and genetic, the permanent environmental correlation 
estimates were higher for adjacent weeks. Although similar permanent environmental corre-
lations were obtained with models LEG.6.7.het6 and BSL.7.7.het6, wider oscillations along 
lactation were observed for model LEG.6.7.het6.

Figure 5. Permanent environmental correlation estimates between weekly milk yields obtained with the W.3.3het6 
(1st row left), AS.5.5.het6 (1st row right), LEG.6.7.het6 (2nd row left) e BSL.7.7.het6 (2nd row right).

The difficulties to establish criteria for the choice of the best RRM are evident. In 
principle, AIC and BIC tests, were regarded to be sufficient as a criteria of choice, but, in fact, 
the estimates of genetic parameters also proved to be helpful. In general, the largest number 
of parameters in the additive genetic and permanent environmental function caused a greater 
flexibility of the RRM and the heritability and genetic correlation estimates were affected. In 
the present study, although the model using Legendre polynomials fits the data set better than 
others models according to the adopted criteria, there are several problems associated with 
it. The genetic variance follows more oscillatory patterns, and negative correlations for the 
extremes of lactation. A higher number of parameters were necessary to reach a similar fit as 
the obtained with model using Legendre (LEG.6.7.het6) when RRM on B-splines functions 
were applied (BSL.7.7.het6). On the other hand, although RRM that used B-spline functions 
were more parameterized than the Legendre models, they had faster convergence in the esti-
mation of variance components, which is favorable when analyzing a large amount of data. In 
addition, B-spline functions were less susceptible to implausible genetic variance estimates at 
extremes of the trajectory. 

In conclusion, random regression models with higher number of parameters were 
more useful to describe the genetic variation of test-day milk yield during the lactation period. 
Random regression models using B-spline and Legendre polynomials as base functions seems 
to be the most adequate to describe the covariance structure of the data.
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