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ABSTRACT. Kirchhoff thin elastic rod models are important in the 
study of the mechanism determining the configurations of flexible 
structures not only at the macroscopic but also at the microscopic 
scale. In this study, the energy balance method has been well applied 
to analyze the configuration of a DNA elastic rod in the presence of 
interfacial traction. An approximate solution for the shape equations 
has been obtained, and the relationship between the interfacial factor 
and the configuration of the DNA segment is derived. The results may 
provide an explanation for the onset of the formation of kinks in DNA 
when immersed in a solution.
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INTRODUCTION

The chromosome is the main carrier of genetic material in living cells, and is a 
combination of DNA and proteins. The DNA is a long polymer made of hundreds of millions 
of nucleotides and is the carrier of hereditary information. Changes in the conformational 
features of DNA may affect many biological processes such as the replication and transcription 
of DNA, protein synthesis (Halford and Marko, 2004), and protein transport (Elf et al., 2007). 
The misfolding of DNA can also cause many illnesses, paroxysmal nocturnal hemoglobinuria 
(PNH) being one of them. In previous literature (Yavari, 2014), different filamentary 
structures, not only at the macroscopic but also at the microcosmic scale, have been regarded 
as thin elastic rods with characteristic elastic behavior. In recent years, a lot of models have 
been established for the study of microcosmic molecular chain structures, such as the general 
equilibrium configuration equations of thin elastic rods, which can be traced back to the 1850s; 
the wormlike chain model (Goldstein  and Langer, 1995), which characterized the molecular 
chain structure under small external forces; and the wormlike rod chain model (Bouchiat and 
Mezard, 1998). In this study, a thin elastic rod in the presence of interfacial traction is used to 
study the geometric configurations of DNA in intracellular solutions at the microscopic scale.

Theoretical analysis models derived from the classical elasticity theory have no spatial/
temporal limitations and have widely used to study DNA reconfiguration. Under physiological 
conditions, DNA generally exists in intracellular solutions under siege. The interaction 
between the DNA elastic rod and the molecules of the solution plays a significant role in the 
reconfiguration of the DNA segments (Benham and Mielke, 2005). Several studies (Huang, 
2011; Xiao et al., 2014; Wang et al., 2014) have shown that microequilibrium configurations 
of DNA chains are affected by the interaction of the DNA molecule with positive ions in a salt 
solution. Huang (2011) modeled the interaction using distributed traction, which is caused due 
to interfacial energy, in a Kirchhoff model, and characterized the folding and unfolding of DNA 
chains using a numerical simulation of the elastic model. However, Huang had incorrectly 
determined the interfacial traction on the central axis of the DNA elastic rod, which was later 
corrected by two different groups of researchers (Xiao et al., 2014; Wang et al., 2014) in 2014. 
This interaction should, in essence, be characterized by van der Waals forces or electrostatic 
forces and is a very critical factor in studying DNA reconfiguration.

Non-linearity in Kirchhoff equations may increase the difficulty of the calculation 
process. Numerical solutions of the equations can be found using many methods; the shooting 
method is one example (Balaeff et al., 2006). The energy balance method is valid for weakly 
and strongly nonlinear problems and has a very wide range of applications (Fu et al., 2011). The 
basic idea of the energy balance method is that when the torsional angle θ is zero, the whole 
energy of the system is regarded to be in the form of kinetic energy, and when θ is π/2, the whole 
energy will change into potential energy. Finally, when θ is π/4, a balance of energy is achieved 
between potential and kinetic energy (He, 2002), which is when the Hamiltonian of the system 
would be obtained, and the angular frequency can be calculated using the collocation method.

MATERIAL AND METHODS

Kirchhoff’s equations

To study the configuration of DNA, the DNA is regarded as an inextensible and 
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unshearable thin elastic rod with a circular cross section based on Kirchhoff’s theory of 
elastic rod. The geometrical configuration at the microscope scale is determined by the spatial 
configuration of the central axis of the DNA elastic rod. In the presence of an external load fi, 
the static Kirchhoff equations in a body fixed frame are as follows (Reissner, 1981; Liu, 2006):
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(Equation 1)

where the prime′ is differentiation with respect to the arc length s; wi denotes Darboux vector, 
and Fi and Mi are the resultant force and the corresponding moment that act at the central axis 
of the rod, respectively.
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where A = B and C denoting the bending stiffness and twisting stiffness, respectively. E 
denotes Young’s modulus, and G denotes the shear modulus. I = pr4/4 and J = pr4/2, where 
r denotes the radius at arbitrarily given cross section of the rod. Based on the relationship 
between curvature κ, torsion τ, and twisting angle χ, the curvature-twisting vector wi can be 
expressed as follows:

1 2 3sin , cos , .ω κ χ ω κ χ ω τ χ′= = = + (Equation 3)

where fi refers to the interfacial traction, which characterizes the effects of the intracellular 
solution on the rod (Xiao et al., 2014; Wang et al., 2014).
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where σ > 0 is the interfacial energy factor, which is generally a constant in a given salt 
solution and describes a result of the comprehensive hydrophilic and hydrophobic effect 
distributed along the surface of the DNA segments and relates to the solution environment 
(Huang, 2011).

It is known that dw3/ds = 0, that is to say that w3 = constant. Through Equation 1, we 
can obtain
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A complex curvature ξ can be defined as ξ = w1 + iw2, a complex external load can 
be defined as f = f1 + if2, and a complex elastic force can be defined as F = F1 + iF2. From the 
fourth and fifth equations of (1), we can get

2 2 2
1 2 3 3

1 1( ) .
2 2

A C F H constantω ω ω+ + + = = (Equation 4)

0
3 3 3( ( ) ) 0.d Ci F iF

ds A
ξ ω ω ω ξ+ − − + = (Equation 5)

Likewise, from the first and second equations of (1), we can obtain

We can then eliminate F(s) from Equations 5 and 6, to obtain
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Now, we recall Equation 3, that is ( ) exp[ ( / 2 )]s iξ κ π χ= −  and 3
d
ds
ξ ω τ= − . By 

substituting these two equations into Equation 7, and then by separating the real part and 
imaginary part, we can get
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Equation 8 can be written as
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It is clear that Equation 9 is a nonlinear differential equation, which characterizes the 
conformation of the DNA rod. The centerline of the rod is solely determined, up to a rigid 
body motion, by its curvature κ(s) and torsion τ(s). Therefore, one can obtain the conformation 
of the DNA rod by solving Equation 9.

Energy balance method

Introduction of the energy balance method

Consider the nonlinear equation in the following form (He, 2002; Ganji, et al., 2009; 
Fu et al., 2011):

2

2 ( ( )) 0, (0) , (0) 0.d u f u x u D u
dx

′+ = = =

where u is the function of the variable x.
The following Hamiltonian is established for the above equation using the semi-

inverse method

21 ( ) ( )
2
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where F(u) is the antiderivative of f(u).
The trial function is

( ) cosu x D xϖ= (Equation 10)

which can then be employed to determine the angular frequency. The following residual is 
consequently obtained as
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Using the collocation method at / 4xϖ π→ , one can obtain
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Application of the energy balance method

We now use the energy balance method to solve the conformation of the DNA elastic 
rod. Take Equation 9 as the governing equation. Its variational formulation is
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Its Hamiltonian, therefore, can be written in the form
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Substituting Equation 10 into the above equation, we can obtain
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If we collocate at / 4sϖ π= , we can obtain
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Substituting EBMϖ  into Equation 10 yields

Figure 1 shows the numerical solutions obtained using both the energy balance method 
and the fourth-order Runge-Kutta method. The results show that the periodical solutions of 
(Equation 9) obtaining using the energy balance method maintain high accuracy. Thus, the 
approximate variational method, the energy balance method, is a powerful tool for dealing with 
nonlinear behaviors, and can provide high accuracy solutions for smooth nonlinear systems. 
(Equation 11), which is obtained using the energy balance method, will provide great help for 
our next research on the configuration of the DNA segments. Using the Frenet formulae, the 
configurations of the rod can be obtained, which are shown in Figure 2. The results show that 
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the reconfiguration of the DNA elastic rod was owing to the interaction between the interfacial 
traction and the elastic property, which has also been previously reported by Xiao et al. (2014).

Figure 1. Comparison between the energy balance method and the fourth-order Runge-Kutta method with s1 = 1 x 
10-5, r = 1, J = 0, c = 0.01 and D = 0.8.

Figure 2. DNA conformation with s1 = 1 x 10-5, r = 1, J = 0, c = 0.01, D = 0.8 (A) and D = 0.5 (B).

A kink is characterized by a piece of a filament with a high curvature κ (or small radius 
of curvature, R = 1/κ) (Alexandre et al., 2006). The Kirchhoff approach is not appropriate for 
modeling kinks in rods because, in the derivation of Kirchhoff equations, it is assumed that the 
centerline radius of curvature of the rod is much larger than the cross-sectional radius (Huang, 
2011). However, Zhao et al. (1998) used the Kirchhoff rod model to find that the spontaneous 
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curvature has a great influence on the stability of kinked DNA. Zhou and Liu (2013) later also 
analyzed the stability of kinked DNA with the second variation of the generalized elastic free 
energy. With the limits of validity of the Kirchhoff model, Equation 11 shows that some pieces 
of a rod with a small interfacial energy factor may lead to equilibrium configuration with a 
large curvature in the case of an initial given curvature. Thus, our results can help explain the 
onset of the formation of kinks.

In a more recent study, Xiao et al. (2014) accurately obtained the interfacial energy 
factor in terms of the concentration of the salt solution using the following formula:

0 log(1 )maxRT Kσ σ η= −Γ + (Equation 12)

where s0 is the interfacial tension of pure solvent, maxΓ  is the maximum concentration when 
the solution arrives at its saturation state, η is the concentration of the solution, T denotes the 
temperature, and K is the absorption constant. It is clear that the interfacial energy factor is a 
decreasing function of the concentration. From Equations 11 and 12, at some point in the rod, 
we can easily find that the DNA segments become kinked when the concentration of the 2Zn +  
ions rises above a critical value, which is fairly consistent with the results of Han et al. (1997).

CONCLUSION

Based on the classical elasticity theory, in this study, the DNA is regarded as a thin 
elastic rod in the presence of distributed interfacial traction, which characterizes the effect of 
intracellular solutions on DNA reconfiguration. Further, the energy balance method has been 
well applied to analyze a nonlinear equation, which describes the conformation of the DNA 
elastic rod. In addition, the analytic approximation of this nonlinear problem has high accuracy 
and provides a relationship between the interfacial energy factor and the curvature. Thus, our 
results can give a new insight into the phenomenon of kink formation in DNA segments.
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